Abstract. If K 0 is the fraction field of the Witt vectors over an algebraically closed field k of characteristic p, we calculate upper bounds on the conductor of higher ramification for (the Galois closure of) extensions of the form
Throughout this paper, the valuation v K on any discrete valuation field K is normalized so that the valuation of a uniformizer is 1. The field k is an algebraically closed field of characteristic p > 0. We set K 0 = Frac(W (k)) and K r = K 0 (ζ p r ), where ζ n means a primitive nth root of unity. The absolute ramification index of a finite extension K of K 0 is written e K .
Our purpose is to study the higher ramification filtrations of certain wild extensions of discrete valuation fields. The main result is the calculation of the higher ramification groups for Galois extensions of the form K c ( 2 c √ a)/K 0 , where c ≥ 1, p = 2, and a ∈ K 0 (Theorem 5.1). In fact, we do not explicitly calculate all of the higher ramification groups, but rather the conductor of the extension, which is the highest index for which there exists a nontrivial higher ramification group for the upper numbering. In principle (and practice), this is enough to calculate all of the higher ramification groups (Proposition 1.3 and the introduction to §5), which is in turn enough to calculate the different and discriminant of the extension ([Ser79, IV, Proposition 4 and VI, §3, Corollary 2]).
Additionally, we calculate an upper bound on the conductor of (the Galois closure of) any extension of the form K = K c ( p c √ a)/K 0 , where p is arbitrary and a ∈ K c , but not necessarily K 0 (Corollary 4.3). In certain situations, we get an exact value for the conductor (Proposition 4.2). Our calculations in this more general situation are in fact used in the proof of Theorem 5.1 (in particular, part (iig)). Our techniques are reminiscent of those used by Viviani in [Viv04] , where the assumptions are made that a ∈ K 0 and p is odd. The main idea is to focus on what we call p-primitive elements of a mixed characteristic discrete valuation field (Definition 3.3). Extensions obtained by taking roots of such elements are particularly amenable to having their higher ramification groups calculated. We then proceed by writing K as the compositum of extensions coming from roots of p-primitive elements and roots of unity, and using theorems about how higher ramification groups behave under taking the compositum (Lemmas 1.1, 1.2).
We have two main motivations. The first comes from [Viv04] . In it, Viviani calculates the higher ramification groups away from 2 of all Galois extensions Q(ζ m , m √ a)/Q, so long as m is odd and a ∈ Q satisfies a technical condition. He is able to reduce this to the study of the extensions Q p (ζ p c , p c √ a)/Q p , where p is odd and the p-valuation of a ∈ Q p is either prime to p or divisible by p c (hereafter, the "valuation condition"). Of course, one can make a base change to the maximal unramified extension Q ur p of Q p without changing the higher ramification groups. Furthermore, since we are studying algebraic extensions, there is no harm in making a further base change to the completion C of Q ur p . We note that, if k = F p , then K 0 = C. Thus, the calculation of the higher ramification groups in [Viv04] is equivalent to calculating the higher ramification groups of K c ( p c √ a)/K 0 when p is odd, k = F p , and a ∈ K 0 satisfies the valuation condition. Naturally, one would like a similar result when p = 2, which is what Theorem 5.1 provides. Furthermore, we need no valuation condition on a when p = 2, although we are unfortunately not able to eliminate the valuation condition when p is odd.
The second motivation comes from [Obu09] and [Obu10] . Let f : Y → P 1 be a G-Galois cover of P 1 branched at 0, 1, and ∞, a priori defined over the algebraic closure of K 0 . If a p-Sylow subgroup of G is of order p, then it turns out that f can in fact be defined over a tame extension of K 0 ([Wew03b]). However, if a p-Sylow subgroup of G is cyclic of order p r , then the best that can be proven at the moment, especially when p is small, is that f can often be defined over a field of the form K c ( p c √ a)/K 0 , where a ∈ K c . In fact, even the stable model of f can often be defined over such an extension. The bounds that we calculate on the conductors of these extensions are sufficient to yield aesthetically pleasing statements of the form "smaller p-Sylow subgroups lead to smaller conductors of the minimal field of definition over K 0 ") (see [Obu09, Theorem 1.3] and [Obu10, Theorem 1.1] for the specific statements).
After some basic results on how higher ramification groups act under compositums and towers of field extensions ( §1 and §2), we study the ramification behavior of prime order Kummer extensions and introduce the concept of p-primitive elements ( §3). The technical heart of the paper is §4, where we study the conductor of an extension K = K c ( p c √ a)/K 0 for a ∈ K 0 by breaking this extension up into extensions involving only roots of unity (well understood by [Ser79] ) and prime order Kummer extensions. We put everything together in §5 to prove Theorem 5.1. numbering. If π K is a uniformizer of K, this filtration is given by
There is also a filtration
is known as the ith higher ramification group for the lower numbering (resp. the upper numbering). If H ≤ G, and M = L H , then the ith higher ramification group H i for the lower numbering for L/M is clearly G i ∩ H. If, furthermore, H is normal, then the ith higher ramification group (G/H) i for the upper numbering for
. We say that the lower numbering is invariant under subgroups, whereas the upper numbering is invariant under quotients.
The
The following lemma is easy (for a proof, see e.g. [Obu09, Lemma 2.3]).
-Galois extension as above, the higher ramification filtration is completely determined by knowing the conductor of each Galois extension
Proof. Clearly it is enough to determine G i for all i ≥ 0. For any normal subgroup
There is a unique minimal normal subgroup H such that (G/H) i = {id}, as the intersection any two such subgroups is a third such subgroup (this follows from Lemma 1.1). Since
Ramification filtrations in towers
In this section, we give several results about how conductors act in towers.
Lemma 2.1. Let K be a complete discrete valuation field with algebraically closed residue field. Let K ⊆ L ⊆ M be finite Galois extensions with
Proof. Since the upper numbering is invariant under taking quotients,
. By invariance under quotients, we have that
By applying ψ L/K to both sides of (2.1), and using the fact that
the last equality following from (2.1). The definition of j implies that G i = H i for i > j, which means that
It also follows that, for all i > j, we have [G : 
Proof. We draw a diagram of the situation as follows:
, where k is an algebraically closed field of characteristic p, and that K r = K 0 (ζ p r ).
Corollary 2.4. Let r ≥ 1, and let L/K r be a finite extension such that L/K 0 is Galois. Then
Proof. By [Ser79, Corollary to IV, Proposition 18], the conductor of K r /K 0 is r −1, and the greatest lower jump is p r−1 −1. So by Lemma 2.1, applied to the tower
. Solving for h L/K0 yields the corollary. ✷
Prime order extensions in mixed characteristic
Recall that, if K is a mixed characteristic (0, p) discrete valuation ring, then e K = v K (p), the absolute ramification index of K.
Lemma 3.1. Let K be a finite extension of K 0 , and suppose a = 1 + t ∈ K with v K (t) < Proof. Suppose r ∈ L is such that 1 + t = (1 + r)
which in turn implies that the minimum is realized for
, from which the lemma follows. ✷ Lemma 3.2. Let K be a finite extension of K 1 , and let L/K be a (nontrivial)
(
ii) For a and t as in (i), the conductor
h L/K is p p−1 e K − v K (t).
Proof. To (i):
By Kummer theory, we know we can find a such that L ∼ = K( p √ a). In choosing a, we are free to multiply by elements of (K × ) p . Thus we can assume that 0 ≤ v K (a) < p. If v K (a) > 0, then a clearly satisfies condition (ii) of the lemma. If v K (a) = 0, we can use the fact that k is algebraically closed to choose
, then a satisfies condition (ii) of the lemma. If p|v K (t), then write t = (π K ) pν w, where π K is a uniformizer of K and v K (w) = 0. Let y ∈ K be such that v K (y p + w) > 0 (we can find such a y because k is algebraically closed). If a
So replace a by a ′ and t by t ′ and repeat until a satisfies condition (ii) of the lemma. This process must terminate eventually, as the valuation of t is bounded by 
Choose integers m and n such that mp
. Also, since n < p, it follows that n i has valuation 0. Thus all terms in the sum above have different valuations, and the term of lowest valuation corresponds to i = n − 1. Applying v L to this term gives mp
, then we will say that a is p-primitive for K.
L 0 ] = p r for r > 0, and for
Then Lemma 3.2 shows that h Lj/Lj−1 = 
as desired. Repeating this process up to reaching L r yields the corollary. ✷
Conductors of a certain class of metabelian extensions
Recall that K r = K 0 (ζ p r ). Write v r for the normalized valuation on K r such that a uniformizer has valuation 1.
Lemma 4.1. Choose integers ℓ and c such that
Proof. If c = ℓ, the lemma follows from Corollary 3.5, so assume c > ℓ. For each i,
. By Corollary 3.5, we have
We must show that h c ≤ a c . Our diagram of field extensions and conductors looks like this:
If there exists an i, 0 ≤ i < c, such that h i ≤ a i+1 , then repeated application of Corollary 2.3 shows that h c ≤ a c . So assume otherwise. Then we have the chain of (in)equalities below (the first comes from repeated application of Corollary 2.3):
).
Proof. The extension K/K ℓ is clearly Galois. Let the a i be defined as in the proof of Lemma 4.1. Then a i = p i+ℓ+1 − v ℓ (t).
√ a) ⊆ K, and using Lemma 4.1, we have that the conductor of
is a c by definition. In both cases, applying Corollary 2.2 repeatedly to the extensions 
To (iid):
Consider L and L ′ as in (iic). Since b is 2-primitive for K 1 , Proposition 4.2 gives us that h L/K1 = c. We have seen in (iic) that h L ′ /K1 ≤ c − 1. We conclude using Lemma 1.2, applied to the subextensions L, L ′ , and K of LL ′ .
To (iie):
In this case, K is contained in the compositum of L := K c ( 2 c √ b) and L ′ := K c−1 ( 2 c−1 √ 2 n/2 ). As in (iic), h L/K1 = c − 1. Also, 2 n/2 is 2-primitive for K 1 , so Proposition 4.2(ii) shows that h L ′ /K1 = c. We conclude by applying Lemma 1.2 to the subextensions L ′ , L, and K of LL ′ .
To (iif ):
Since −4 is a 4th power in K 2 , we have that K ∼ = K 2 ( 4 √ −b). Since −b ∼ = 1 (mod 4), the result follows from (iic).
To (iig):
Since −4 = (1 + i) 4 (where i 2 = −1), it follows that K is contained in the compositum of L := K c ( 2 c √ −2 n−2 b) and the Galois closure L ′ of K max(2,c−2) ( 2 c−2 √ 1 + i) over K 1 . By (iic), h L/K1 = c − 1. Also, since 1 + i is 2-primitive for K 2 , Proposition 4.2(ii) shows that h L ′ /K1 = c − 1 2 . We conclude using Lemma 1.2, applied to the subextensions L ′ , L, and K of LL ′ . ✷
